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In this paper, the order of simultaneous approximation and Voronovskaja-type theorems
with quantitative estimate for complex Bernstein–Durrmeyer-type polynomials attached
to analytic functions on compact disks are obtained. Our results show that extension of the
complex Bernstein–Durrmeyer-type polynomials from real intervals to compact disks in
the complex plane extends approximation properties.
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1. Introduction
Approximation properties of complex Bernstein polynomials in compact disks were studied by many authors, see [1,2]
and references therein. In [3] a Voronovskaja-type result with a quantitative estimate for complex Bernstein polynomials
in compact disks was obtained. In [4–11,1,12,13] similar results for Bernstein–Stancu, Kantorovich–Stancu and q-Sancu
polynomials were obtained while in [14] similar results for Bernstein–Schurer polynomials were proved. Very recently,
Anastassiou and Gal [15], Gal [7] studied the order of simultaneous approximation and Voronovskaja-kind results
with quantitative estimates for complex Bernstein–Durrmeyer and genuine Durrmeyer polynomials attached to analytic
functions on compact disks. An analogue of these results for the genuine q-Bernstein–Durrmeyer operators is given in [16].
The results of these papers put in evidence the overconvergence phenomenon for Durrmeyer-type polynomials, namely the
extensions of approximation properties (with quantitative estimates) from real intervals to compact disks in the complex
plane.
Genuine Bernstein–Durrmeyer operators were first considered by Chen [17] in 1987 and Goodman and Sharma [8]
in 1991. In recent years, the genuine Bernstein–Durrmeyer operators have been investigated intensively by a number of
authors. Among many articles written on the genuine Bernstein–Durrmeyer operators, we mention here only the ones
by Gonska et al. [9], Parvanov and Popov [18], Sauer [19], Waldron [20], Mahmudov and Sabancigil [12] and the book of
Păltănea [21]. Recently, Păltănea [22], Gonska and Păltănea [10,11] introduced and studied a one-parameter class of positive
linear operators constituting a non-trivial link between the Bernstein and the genuine Bernstein–Durrmeyer operators.
The goal of this paper is to obtain approximation results for the complex one parameter class of Bernstein–Durrmeyer
polynomials on compact disks. First we present upper estimates in approximation and we prove the Voronovskaja-type
convergence theorem in compact disks with quantitative estimate of this convergence. These results allow us to obtain the
exact degrees in approximation by complex Bernstein–Durrmeyer-type polynomials and their derivatives.
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2. Approximation by complex Bernstein–Durrmeyer polynomials preserving linear functions
The following definition was first given in [22].
Definition 1. Let ϱ > 0 and n ∈ N. For f : [0, 1] → C the complex Bernstein–Durrmeyer-type operator is defined as
follows
Uϱn (f ; z) :=
n−
k=0
Fϱn,k (f ) pn,k(z) :=
n−1
k=1
∫ 1
0
f (t)µϱn,k(t)dt

pn,k(z)+ f (0) (1− z)n + f (1) zn.
Here
pn,k(z) =

n
k

zk (1− z)n−k , 0 ≤ k ≤ n, k, n ∈ N.
Moreover, for 1 ≤ k ≤ n− 1
µ
ϱ
n,k(t) :=
tkϱ−1 (1− t)(n−k)ϱ−1
B (kϱ, (n− k) ϱ) ,
and
B (x, y) =
∫ 1
0
tx−1 (1− t)y−1 dt, x, y > 0,
is the Euler Beta function.
Uϱn (f ; z) are linear operators reproducing linear functions and thus interpolating every function f ∈ C [0, 1] at 0 and 1.
It is easily seen that, for ϱ = 1, we obtain U1n = Un the genuine Bernstein–Durrmeyer operator.
Let DR := {z ∈ C : |z| < R} ,H (DR) denote the set of all analytic functions on DR. For f ∈ H (DR) we assume that
f (z) =∑∞m=0 amzm.
For our purpose first we need a recurrence formula for Uϱn (em; z), where em(z) = zm.
Lemma 2 ([10]). Let ϱ > 0. For all m, n ∈ N ∪ {0} and z ∈ C
Uϱn (em+1; z) =
ϱz (1− z)
m+ ϱn

Uϱn (em; z)
′ + m+ ϱnz
m+ ϱn U
ϱ
n (em; z) (1)
Proof. The following relation is immediate:
t (1− t) µϱn,k(t)
′ = ϱ (k− nt) µϱn,k(t), 1 ≤ k ≤ n− 1.
We have
(k− nz) Fϱn,k (em) =
∫ 1
0
(k− nt + nt − nz) tmµϱn,k(t)dt
=
∫ 1
0
(k− nt) tmµϱn,k(t)dt + nFϱn,k (em+1)− nzFϱn,k (em) , 1 ≤ k ≤ n− 1.
Consequently, integrating by parts we obtain∫ 1
0
(k− nt) tmµϱn,k(t)dt =
1
ϱ
∫ 1
0

t (1− t) µϱn,k(t)
′ tmdt
= −m
ϱ
∫ 1
0
t (1− t) µϱn,k(t)tm−1dt
(k− nz) Fϱn,k (em) = −
m
ϱ
∫ 1
0
t (1− t) µϱn,k (t) tm−1dt + nFϱn,k (em+1)− nzFϱn,k (em)
= −

m
ϱ
+ nz

Fϱn,k (em)+

m
ϱ
+ n

Fϱn,k (em+1) .
It is immediately seen that this relation holds also for k = 0 and k = n. We multiply each of these relations by pn,k(z), add
them, and we arrive at the claim of the lemma
z (1− z) Uϱn (em; z)′ = −mϱ + nz

Uϱn (em; z)+

m
ϱ
+ n

Uϱn (em+1; z) . 
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Lemma 3. Let ϱ > 0. For all m, n ∈ N ∪ {0} and |z| ≤ r with r ≥ 1 we have Uϱn (em; z) ≤ rm.
Proof. By definition
Uϱn (em; z) =
n−1
k=1
∫ 1
0
tmµϱn,k(t)dt

pn,k (z)+ zn.
Taking into account∫ 1
0
tmµϱn,k(t)dt =
1
B (kϱ, (n− k) ϱ)
∫ 1
0
tm+kϱ−1 (1− t)(n−k)ϱ−1 dt
= B (m+ kϱ, (n− k) ϱ)
B (kϱ, (n− k) ϱ) =
0 (m+ kϱ)0 ((n− k) ϱ)
0 (m+ nϱ)
0 (nϱ)
0 (kϱ)0 ((n− k) ϱ)
= (kϱ +m− 1) . . . (kϱ + 1) kϱ
(nϱ +m− 1) . . . (nϱ + 1) nϱ =
[kϱ]m
[nϱ]m
,
where [a]m = a (a+ 1) . . . (a+m− 1) and 0(x) is the gamma function. Therefore we can write
Uϱn (em; z) =
n−1
k=1
∫ 1
0
tmµϱn,k(t)dt

pn,k (z)+ zn =
n−1
k=1
[kϱ]m
[nϱ]m
pn,k(z)+ zn = 1[nϱ]m
n−
k=0
[kϱ]m pn,k(z)
= 1
[nϱ]m
n−
k=0

n
k

[kϱ]m z
k (1− z)n−k .
On the other hand
[kϱ]m =
m−1∏
s=0
kϱ (kϱ + 1) . . . (kϱ +m− 1) =
m−
s=1
Cs(m)ksϱs
where Cs(m) > 0, s = 1, . . . ,m are the constants independent of k and ϱ. Hence
Uϱn (em; z) =
1
[nϱ]m
n−
k=0
m−
s=1
Cs(m)ksϱspn,k(z) = 1[nϱ]m
m−
s=1
Cs(m)nsϱs
n−
k=0
ks
ns
pn,k(z)
= 1
[nϱ]m
m−
s=1
Cs(m)nsϱsBn (es; z) .
Now using the identity
1 = Uϱn (em; 1) =
1
[nϱ]m
m−
s=1
Cs(m)nsϱsBn (es; 1) = 1[nϱ]m
m−
s=1
Cs(m)nsϱs,
we getUϱn (em; z) ≤ 1[nϱ]m
m−
s=1
Cs(m)nsϱs |Bn (es; z)|
≤ 1
[nϱ]m
m−
s=1
Cs(m)nsϱsr s ≤ rm. 
The first main result is expressed by the following upper estimates.
Theorem 4. Let f ∈ H (DR) , 1 ≤ r < R and ϱ > 0. Then for all |z| ≤ r and n ∈ N we haveUϱn (f ; z)− f (z) ≤ (ϱ + 1) r (1+ r)2 (1+ ϱn)
∞−
m=2
|am|m (m− 1) rm−2.
Proof. Let us start with the recurrence formula
Uϱn (em; z)− zm =
ϱz (1− z)
m− 1+ ϱn

Uϱn (em−1; z)
′ + m− 1+ ϱnz
m− 1+ ϱn

Uϱn (em−1; z)− zm−1

+ m− 1
m− 1+ ϱn (1− z) z
m−1.
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From the above recurrence formula form ≥ 2 we getUϱn (em; z)− em(z) ≤ ϱr (1+ r)1+ ϱn m− 1r Uϱn (em−1)r + r Uϱn (em−1; z)− em−1 (z)+ m− 11+ ϱnrm−1 (1+ r)
≤ ϱ (1+ r) (m− 1)
1+ ϱn r
m−1 + r Uϱn (em−1; z)− em−1 (z)+ m− 11+ ϱnrm−1 (1+ r)
≤ (ϱ + 1) (m− 1) r (1+ r)
1+ ϱn r
m−2 + r Uϱn (em−1; z)− em−1(z) .
By writing the last inequality form = 2, 3, . . . ,we easily obtain, step by step the followingUϱn (em; z)− em(z) ≤ r r Uϱn (em−2; z)− em−2(z)+ (ϱ + 1) (m− 2)1+ ϱn r (1+ r) rm−3

+ (ϱ + 1) (m− 1) r (1+ r)
1+ ϱn r
m−2
= r2 Uϱn (em−2; z)− em−2 (z)+ (ϱ + 1) r (1+ r)1+ ϱn rm−2 (m− 1+m− 2)
≤ · · · ≤ (ϱ + 1) r (1+ r)
2 (1+ ϱn) m (m− 1) r
m−2.
It follows thatUϱn (f ; z)− f (z) ≤ ∞−
m=2
|am|
Uϱn (em; z)− em(z) ≤ (ϱ + 1) r (1+ r)2 (1+ ϱn)
∞−
m=2
|am|m (m− 1) rm−2. 
Remark 5. Now taking ϱ = 1 we get the result of [7, Corollary 2.3] with a better constant.
In what follows we will prove the Voronovskaja-type theorem with a quantitative estimate for the complex version of
the Bernstein–Durrmeyer-type polynomials. Notice that for the real Bernstein–Durrmeyer polynomials preserving linear
functions the Voronovskaja-type theorem is given in [11].
Before formulating the Voronovskaja-type theorem we recall that Uϱn (f ; z) = ∑∞m=0 amUϱn (em; z). The proof is similar
to that of [7, Corollary 2.3].
Theorem 6. Let f ∈ H (DR) , 1 < R and ϱ > 0.
(i) For any r ∈ [1, R) we haveUϱn (f ; z)− f (z)− (ϱ + 1) z (1− z)2 (1+ ϱn) f ′′(z)
 ≤ ϱ (ϱ + 1) r2 (1+ r)22 (1+ ϱn)2
∞−
m=3
|am|

3+ ϱ−1m+ ϱ−1 − 3
× (m− 1) (m− 2)2 rm−4
for all |z| ≤ r and n ∈ N.
(ii) The following Voronovskaja-type result in the closed unit disk holdsUϱn (f ; z)− f (z)− (ϱ + 1) z (1− z)2 (1+ ϱn) f ′′(z)
 ≤ (ϱ + 1) (ϱ + 3) |z (1− z)|2 (1+ ϱn)2
∞−
m=3
|am|m (m− 1) (m− 2)2
for all |z| ≤ 1 and n ∈ N.
Proof. We denote
En,m(z) := Uϱn (em; z)− zm −
(ϱ + 1)m (m− 1)
2 (1+ ϱn) z
m−1 (1− z) .
It is clear that En,m(z) is a polynomial of degree less than or equal to m. Using the recurrence formula (1) by a simple
calculation we obtain the following relation
Uϱn (em; z)− zm =
ϱz (1− z)
m− 1+ ϱn

Uϱn (em−1; z)
′ + m− 1+ ϱnz
m− 1+ ϱn

Uϱn (em−1; z)− zm−1

+ m− 1
m− 1+ ϱn (1− z) z
m−1
En,m(z) = ϱz (1− z)m− 1+ ϱnE
′
n,m−1(z)+
m− 1+ ϱnz
m− 1+ ϱn En,m−1(z)+ Rn,m(z), (2)
where
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Rn,m(z) = z
m−2 (1− z)
2 (1+ ϱn) (m− 1+ ϱn) (m− 1) (m− 2) (ϱ + 1) (m− 2ϱ +mϱ − 1− (m− ϱ +mϱ + 1) z)
for allm ≥ 1, n ∈ N and |z| ≤ r .
(i) The formula (2) implies form ≥ 2En,m(z) ≤ ϱr (1+ r)m− 1+ ϱn E ′n,m−1(z)+ m− 1+ ϱnzm− 1+ ϱn En,m−1 (z)+ Rn,m(z)
≤ ϱr (1+ r)
m− 1+ ϱn
E ′n,m−1(z)+ r En,m−1 (z)+ Rn,m(z) .
Now we will estimate
E ′n,m−1(z) form ≥ 2. Taking into account that En,m−1(z) is a polynomial of degree less than or equal
to (m− 1), we obtainE ′n,m−1(z) ≤ m− 1r En,m−1(z)r
≤ m− 1
r
Uϱn (em−1)− em−1r +  (ϱ + 1) (m− 1) (m− 2)2 (1+ ϱn) em−2 (1− e1)

r

≤ m− 1
r

(ϱ + 1) r (1+ r)
2 (1+ ϱn) (m− 1) (m− 2) r
m−3 + (ϱ + 1) (m− 1) (m− 2)
2 (1+ ϱn) (1+ r) r
m−2

= (ϱ + 1) (m− 1)
2 (m− 2)
1+ ϱn (1+ r) r
m−3.
This implies that
ϱr (1+ r)
m− 1+ ϱn
E ′n,m−1(z) ≤ ϱ (ϱ + 1) (m− 1)2 (m− 2)
(1+ ϱn)2 (1+ r)
2 rm−2.
On the other handRn,m(z) ≤ (ϱ + 1) rm−2 (1+ r)2 (1+ ϱn) (m− 1+ ϱn) (m− 1) (m− 2) (m− 2ϱ +mϱ − 1+ (m− ϱ +mϱ + 1) r)
≤ (ϱ + 1) r
m−2 (1+ r)2
2 (1+ ϱn)2 ((ϱ + 1)m+ 1− ρ) (m− 1) (m− 2)
≤ (ϱ + 1) r
m−2 (1+ r)2
2 (1+ ϱn)2 ((ϱ + 1)m+ 1− ρ) (m− 1) (m− 2) .
Finally we obtainEn,m(z) ≤ r En,m−1(z)+ (ϱ + 1) rm−2 (1+ r)2
2 (1+ ϱn)2 (m− 1) (m− 2) ((ϱ + 1)m+ 1− ρ + 2ϱ (m− 1))
= r En,m−1(z)+ (ϱ + 1) rm−2 (1+ r)2
2 (1+ ϱn)2 (m− 1) (m− 2) ((3ϱ + 1)m+ 1− 3ρ)
for all m ≥ 1, n ∈ N and |z| ≤ r . But En,0(z) = En,1(z) = En,2(z) = 0, for any z ∈ C and therefore by writing the last
inequality form = 1, 2, . . . ,we easily obtain, step by step the followingEn,m(z) ≤ (ϱ + 1) rm−2 (1+ r)2
2 (1+ ϱn)2
m−
j=3
(m− 1) (m− 2) ((3ϱ + 1)m+ 1− 3ρ)
= (ϱ + 1) r
m−2 (1+ r)2
2 (1+ ϱn)2 ((3ϱ + 1)m+ 1− 3ρ) (m− 1) (m− 2)
2 .
As a conclusion, we obtainUϱn (f ; z)− f (z)− (ϱ + 1)m (m− 1)2 (1+ ϱn) f ′′(z)
 ≤ ∞−
m=3
|am|
En,m(z)
≤ (ϱ + 1) r
2 (1+ r)2
2 (1+ ϱn)2
∞−
m=3
|am|
× ((3ϱ + 1)m+ 1− 3ρ) (m− 1) (m− 2)2 rm−4.
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Note that since f iv(z) =∑∞m=4 amm (m− 1) (m− 2) (m− 3) zm−4 and the series is absolutely convergent in |z| ≤ r , which
implies that
∑∞
m=3 am ((3ϱ + 1)m+ 1− 3ρ) (m− 1) (m− 2)2 rm−4 <∞ and proves the theorem.
(i) The formula (2) impliesEn,m(z) ≤ |z (1− z)|m− 1+ ϱn E ′n,m−1(z)+ En,m−1(z)+ Rn,m(z)
≤ |z (1− z)|
1+ ϱn
E ′n,m−1(z)+ En,m−1(z)+ Rn,m(z) .
Now we will estimate
E ′n,m−1(z) form ≥ 2. Taking into account that En,m−1(z) is a polynomial of degree less than or equal
to (m− 1), we obtainE ′n,m−1(z) ≤ (m− 1) En,m−1(z)1
≤ (m− 1)
Uϱn (em−1)− em−11 +  (ϱ + 1) (m− 1) (m− 2)2 (1+ ϱn) em−2 (1− e1)

1

≤ (m− 1)

(ϱ + 1)
(1+ ϱn)m (m− 1)+
(ϱ + 1) (m− 1) (m− 2)
(1+ ϱn)

≤ 2 (ϱ + 1)m (m− 1) (m− 2)
1+ ϱn .
On the other handRn,m(z) ≤ (ϱ + 1)2 |z (1− z)|2 (1+ ϱn) (m− 1+ ϱn)m (m− 1) (m− 2)
≤ (ϱ + 1)
2 |z (1− z)|
2 (1+ ϱn)2 m (m− 1) (m− 2) .
Finally we obtainEn,m(z) ≤ En,m−1(z)+ (ϱ + 1) (ϱ + 3) |z (1− z)|
2 (1+ ϱn)2 m (m− 1) (m− 2)
for all m ≥ 2, n ∈ N and |z| ≤ r . But En,0(z) = En,1(z) = En,2(z) = 0, for any z ∈ C and therefore by writing the last
inequality form = 3, 4, . . . ,we easily obtain, step by step the followingEn,m(z) ≤ (ϱ + 1) (ϱ + 3) |z (1− z)|
2 (1+ ϱn)2
m−
j=3
m (m− 1) (m− 2)
= (ϱ + 1) (ϱ + 3) |z (1− z)|
2 (1+ ϱn)2 m (m− 1) (m− 2)
2 .
As a conclusion, we obtainUϱn (f ; z)− f (z)− (ϱ + 1) z (1− z)2 (1+ ϱn) f ′′(z)
 ≤ ∞−
m=3
|am|
En,m(z)
≤ (ϱ + 1) (ϱ + 3) |z (1− z)|
2 (1+ ϱn)2
∞−
m=3
|am|m (m− 1) (m− 2)2 .
Note that since f iv(z) = ∑∞m=4 amm (m− 1) (m− 2) (m− 3) zm−4 and the series is absolutely convergent in |z| ≤ r , it
easily follows that
∑∞
m=3 |am|m (m− 1) (m− 2)2 <∞. 
Remark 7. Taking ϱ = 1 in Theorem 6 (i) we get the Voronovskaja’s theorem of [7] with better constant. Part (ii) of
Theorem 6 is new even for ϱ = 1.
Finally we will obtain the exact order in approximation by complex Bernstein–Durrmeyer-type polynomials and their
derivatives. In this sense we present the following results.
Theorem 8. Let R > 1, f ∈ H (DR) and ϱ > 0. If f is not a polynomial of degree less than or equal to 1, then for any r ∈ [1, R)
we haveUϱn (f )− f r ≥ ϱ + 12 (1+ ϱn)Cr,ϱ(f ), n ∈ N,
holds, where the constant Cr,ϱ(f ) depends on f , ϱ and r but is independent of n.
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Proof. For all z ∈ DR and n ∈ Nwe get
Uϱn (f ; z)− f (z) =
ϱ + 1
2 (1+ ϱn)

z (1− z) f ′′(z)+ 2 (1+ ϱn)
ϱ + 1

Uϱn (f ; z)− f (z)−
(ϱ + 1) z (1− z)
2 (1+ ϱn) f
′′(z)

.
It follows thatUϱn (f )− f r ≥ ϱ + 12 (1+ ϱn)
e1 (1− e1) f ′′r − 2 (1+ ϱn)ϱ + 1
Uϱn (f )− f − (ϱ + 1) e1 (1− e1)2 (1+ ϱn) f ′′

r

.
Because by the hypothesis f is not a polynomial of degree less than or equal to 1 in DR, it follows
e1 (1− e1) f ′′r > 0.
Indeed, assuming the contrary it follows that z (1− z) f ′′(z) = 0 for all z ∈ Dr that is f ′′(z) = 0 for all z ∈ Dr . Thus, f is
linear, which contradicts the hypothesis.
Now, by Theorem 6 we have
2 (1+ ϱn)
ϱ + 1
Uϱn (f ; z)− f (z)− (ϱ + 1) z (1− z)2 (1+ ϱn) f ′′ (z)
→ 0 as n →∞.
Consequently, there exists n1 (depending only on f and r) such that for all n ≥ n1 we havee1 (1− e1) f ′′r − 2 (1+ ϱn)ϱ + 1
Uϱn (f )− f − (ϱ + 1) e1 (1− e1)2 (1+ ϱn) f ′′

r
≥ 1
2
e1 (1− e1) f ′′r ,
which impliesUϱn (f )− f r ≥ ϱ + 12 (1+ ϱn) 12 e1 (1− e1) f ′′r , for all n ≥ n1.
For 1 ≤ n ≤ n1 − 1 we haveUϱn (f )− f r ≥ ϱ + 12 (1+ ϱn)

2 (1+ ϱn)
ϱ + 1 ‖Un(f )− f ‖r

:= ϱ + 1
2 (1+ ϱn)Mr,n,ϱ(f ) > 0,
which finally implies thatUϱn (f )− f r ≥ ϱ + 12 (1+ ϱn)Cr(f ),
for all n, with Cr,ϱ(f ) = min

Mr,1,ϱ(f ), . . . ,Mr,n1−1,ϱ(f ),
1
2
e1 (1− e1) f ′′r. 
Corollary 9. Let R > 1, f ∈ H (DR) and ϱ > 0. If f is not a polynomial of degree less than or equal to 1, then for any r ∈ [1, R)
we haveUϱn (f )− f r ∼ ϱ + 11+ ϱn , n ∈ N,
holds, where the constants in the equivalence depend only on f , ϱ and r.
For the derivatives of complex Bernstein–Durrmeyer-type polynomials we state the following result.
Theorem 10. Let f ∈ H (DR) , R > 1, ϱ > 0 and 1 ≤ r < r1 < R. If f is not a polynomial of degree less than or equal to
max {1, p− 1}, then we haveUϱn (p) (f )− f (p)r ∼ ϱ + 11+ ϱn ,
where the constant in the equivalence depends only on f , ϱ, r, r1, and p.
Proof. Reasoning exactly as in the proof of [7, Theorem 2.7], we immediately get the desired conclusion. 
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